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1. Introduction 


In 1931 Dirac Q showed that a proper description of the quantum mechanics of a charged 
particle of the charge e in the field of the magnetic monopole of the charge q requires the 
quantization condition 2fj, = n, n £ Z (we set eg = fj, and h = c = 1). But in spite of 
numerous efforts, Dirac monopole was not found so far. 

Recently renewed interest in the Dirac monopole has been grown in connection with the 
‘fictitious’ monopoles that are similar to the ‘real’ magnetic monopoles, however, appearing 
in the context of the Berry phase |||]. These type of magnetic monopoles emerge in the 
anomalous Hall effect of ferromagnetic materials, trapped A-type atoms, anisotropic spin 
systems, noncommutative quantum mechanics, etc., and may carry an arbitrary ‘magnetic’ 
charge g, |, g, |, 0, |, |, 0- 

Widely accepted group theoretical, topological and geometrical arguments in behalf 
of Dirac quantization rule are based on employing classical fibre bundle theory or finite 
dimensional representations of the rotation group ini, n, n, m, m, n, n, n]. For 
instance, a realization of the Dirac monopole as U(l) bundle over 5^ implies that there 
exists the division of space into overlapping regions {Ui} with nonsingular vector potential 
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being defined in {Ui} and yielding the correct monopole magnetic field in each region. On 
the triple overlap Ui n Uj n Uk it holds 

exp{i{qij + Qjk + qki)) = exp(i47r/i) (1.1) 


where qij are the transition functions, and the consistency condition, which is equivalent 
to the associativity of the group multiplication, requires qij + qjk + (lki = 0 mod 27rZ. This 
yields the Dirac selectional rule 2/i G Z as a necessary condition to have a consistent U(l)- 
bundle over |n, 0, 0]. Thus to avoid the Dirac restrictions on the magnetic charge 
one needs to consider a nonassociative generalization of U(l) bundle over 5^. Recently we 
have developed a consistent pointlike monopole theory with an arbitrary magnetic charge 
in the framework of nonassociative fibre bundle theory |l^, I 


21 


As is known, in the presence of the magnetic monopole the operator of the total angular 
momentum J, which includes contribution of the electromagnetic field, obeys the standard 
commutation relations of the Lie algebra of the rotation group 


\Jii Jj\ — 


These commutation relations fail on the Dirac string restricting the domain of definition 
of the operator J and limiting it to the functions that vanish sufficiently rapidly on the 
string 1^^ In fact, any approach to the charge quantization uses some additional 
assumptions, and in group theoretical treatment this is the requirement that Ji’s generate 
a finite-dimensional representation of the rotation group yielding 2/x G Z |^, 26, 27, 23 


|28| , ^|. Thus, one should give up finite-dimensional representations of the rotation group 
to allow an arbitrary magnetic charge. 

Here we study in details the Dirac monopole problem within the framework of infinite¬ 
dimensional representations of the rotation group. The paper is organized as follows. In 
Section II the indefinite metric Hilbert space is introduced. In Section HI the properties of 
infinite-dimensional representations of the rotation group are discussed. In Section IV it 
is argued that extending the representations of the rotation group to infinite-dimensional 
representations allows an arbitrary magnetic charge. In Section V the obtained results and 
open problems are discussed. 


2. Indefinite metric Hilbert space 


Starting from the early 1940s indefinite metric in the Hilbert space has been discussed and 
used by many authors. Recently a growing interest to this topic has been risen in the 
context of the so-called PT-symmetric quantum mechanics related to some non-Hermitian 
Hamiltonians with a real spectrum and pseudo-Hermitian operators M, 


32, 33, 34, 35 


36, 37, 


In conventional quantum mechanics the norm of quantum states given by 


J fifidx > 0 


( 2 . 1 ) 
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where is the conjugate complex of V', carries a probabilistic interpretation, and appear¬ 
ance of an indefinite metric in Hilbert space is a sever obstacle. In particular, this leads 
to negative probability of states, that means observables with only positive eigenvalues can 
get negative expectation values [H|. 

We treat here more general situation when the normalization given by 


/' 


tp'ipdfj.ix), ( 2 . 2 ) 

dp, being a suitable measure, is not necessary positive. We assume that the integral 

'iff}'dp{x), (2-3) 


/' 


may be divergent and its value is given by a regularization (for the definition of regulariza¬ 
tion of an integral see, e.g. ||^). There exist several possibilities of regularizing divergent 
integral, further we consider the regularization of the integral by analytical continuation 
in parameter (Sect. Ill), and the regularized integral will be denoted by 

Following the notations introduced by Pauli 0- we consider an inner product in the 
indefinite metric Hilbert space defined by the bilinear form of the type 


(V’, V’Or? = ('0, #0 = y ifrjif'dpix), (2.4) 

in which the operator rj is only restricted by the condition that it has to be Hermitian and 

■4}'q'fdp{x) > 0. (2.5) 

The difference between our construction of the indefinite metric Hilbert space and one been 
suggested in |41] arises from the restriction (2.5). While Pauli requires the positive defined 
norm (2.2), we don’t. 

Let functions if mix) form the basis such that 

f^mix)f^m'ix)dpix) rjmm' 

where rjmm' = (—is an indefinite diagonal metric, and (—l)'^!™-) = ±1 depending 
whether a(m) is even or odd. Defining the action of the operator p on ipm as 




( 2 . 6 ) 


we find that the set {V’m} forms the orthonormal basis with respect to the inner product 
given by 

(V’m)V’p))7 — f '^mix)'npm''^m'ix)dpix) dmp- (2'7) 


Since the set {'ipmix)} forms a basis, an arbitrary function '^(x) G can be expanded 
in terms of the ifmix)'- 


i^ix) = 


( 2 . 8 ) 


- 3 - 


JHEPOOi200S)000 






where 


Let 


= (V’ti 


V’)»? = ll)m'{x)ii{x)d^l{x) 


m 

then the inner product ('0, can be easily calculated and the result is: 

(V’,V’')r) = 'I'ip{x)r]Tp'{x)d^i{x) = 

m 


In particular, one has 

(V’, V’)r, = 4 i^{x)r]il:{x)dn{x) = ^ > 0. 

m 


(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 


Thus we see that the inner product in the indefinite metric Hilbert space is positive defined 
scalar product. This provides the standard probabilistic interpretation of the quantum 
mechanics. 


The inner product (2.11) may be written in another form. Let us consider the sum 


K{x,x') = '^1pm{x)lpm{x'). 

m 

(2.12) 

This yields the following relations: 



(2.13) 


(2.14) 


and it is seen that the kernel K{x,x') plays here a role similar to that of 5-function in 
the standard Hilbert space of quantum mechanics. Now one can rewrite the inner product 
(|2TID as 

= '4 'I 'ij){x)K{x^x')'ilj' {x')diJ,{x)d^{x'). (2-15) 


The expectation value of an observable A represented by the linear operator acting in 
HA is defined by 

(H)^ = '4'ij){x)riAil){x)d^i{x), (2.16) 


and a generalization of the Hermitian conjugate operator, being denoted as A\^ is given by 


A\ = (2.17) 

where A^ is the Hermitian conjugate operator. 

Since the observables are real, we see that the related operators have to be self-adjoint 
in the indefinite metric Hilbert space, that means hJ, = A. In particular, applying this 
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to the Hamiltonian operator H, we have = H, and assuming that the wave function 
satisfies the Schrodinger’s equation 


■ dip 

'm = 

we obtain the conservation of the wave function normalization: 

d 


dt 


{lp,1p)rj = i 



— H)ipd^{x) = 0. 


(2.18) 


Let us perform a linear transformation 


iP = SiP', 


then in order to conserve the normalization of the wave function 


{lp',1p')rj = {lp,1p)r^ 


one has to demand 

rj' = S^rjS. 

In a similar manner we find that the observables are invariant, 


if the operators transform as follows: 

= S-^AS, Ht' = S-^A\S. 


(2.19) 


( 2 . 20 ) 


( 2 . 21 ) 


Assuming that, according to (2.21), the matrix A can be transformed with a suitable 
S to a normal form such that 

Alpn — CLnIpn ( 2 . 22 ) 


we find 

iip,Aip)n = (2.23) 

n 

This leads to the conclusion that operator with only positive eigenvalues can not have 
negative expectation values. In other words in our approach, in contrast to the others 
recently have been developed in the growing number of papers on the subject of PT- 
symmetric quantum mechanics, the negative probabilities do not appear and the standard 
probabilistic interpretation of the quantum mechanics is preserved. 


3. Infinite-dimensional representations of the rotation gronp 

The three dimensional rotation group is locally isomorphic to the group SU{2), and as well 
known SO{3) = SU{2)/'L2- In what follows the difference between 50(3) and 517(2) is 
not essential and actually we will consider G = 51/(2). The Lie algebra corresponding to 
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the Lie group SU{2) has three generators and we adopt the basis J± = Ji ± iJ 2 , J3. The 
commutation relations are: 


[J+,J-] = 2J3, [J3,J±] = ^J± 

[J2,J±]=0, [J2,J3]=0 


where 

= j| + -(J_ J+ + J+J-) 

is the Casimir operator. 

Let be an eigenvector of the operators J 3 and such that 




(3.1) 

(3.2) 


(3.3) 


(3.4) 


where n = 0, ±1, ± 2 ,..., and ly, just like A, is a certain complex number. 

There are four distinct classes of representations and each irreducible representation 
is characterized by an eigenvalue of Casimir operator and the spectrum of the operator J 3 


• Representations unbounded from above and below, in this case neither \ + v nor \ — v 
can be integers. 

• Representations bounded below, with X + n being an integer, and X — u not equal to 
an integer. 

• Representations bounded above, with X — v being an integer, and X + v not equal to 
an integer. 

• Representations bounded from above and below, with X — u and X + v both being 
integers, that yields A = k/2, k € Z_|_. 


43, 44, 


17, 


The nonequivalent representations in each series of irreducible representations are de¬ 
noted respectively by D{X,v), D~^{X,v), D~{X,v) and D{X). The representations D{X,i>), 
D^[X,v) and D~(X,i') are infinite-dimensional; D{X) is (2A -|- l)-dimensional represen¬ 
tation. The irreducible representations D^{X,i') and D{X,u) are discussed in details in 
1^, ^|. Further we restrict ourselves by real eigenvalues of J 3 and the Casimir 

operator J^. 

The infinite-dimensional representations, considered here, are given by linear unbounded 
operators in infinite-dimensional linear topological spaces, supplied with a weak topology. 
With such a topology a weak convergence (convergence with respect a functional) - the 
analog of nonuniform convergence, is associated. This means that the operators T{g) as el¬ 
ements are continuous on the group, although indeed not uniformly continuous p5|, 
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3.1 Representations unbounded from above and below 

Let 'il)m be eigenstates of the operators J 3 and J^: 




+ l)V’m 


(3.5) 


where i and m are real numbers. Demand 
being satisfied, yields 


that the commutation relations (3.1) and (p.2|) 


J-1pm = (^ + m)'4^rn-l, (3.6) 

J+'4^m — (-^ ^)V^m+l) • (^■^) 


Considering the invariance of an inner product {ipm j V’m') with respect to the infinites¬ 
imal rotations generated by Ji we obtain 


{iprn, {J+ - “ J-),-fAm') = 0) (3-8) 

(V’m, V’m') = 0) m^m'. (3.9) 

In particular for m' = m + 1 one has 

J—'4^m+l) (V^m'C|_,'j/^m+1) bj (3.10) 


that implies 

{l+m + l)(V’m,'0m) - {I- m)(V'm+l, V'm+l) = 0. (3.11) 

This recursion relationship can be satisfied setting 

(V'm, V'm) = A/'r(^ - m-I-l)r(^-I-m-I-1) (3.12) 

where T is the gamma function and TV is an arbitrary constant. We assume hereafter TV 
be a positive constant, that does not restrict generality of consideration. 

Setting 

= (A/'r(£-m + l)r(£ + m + l))- 5 , (3.13) 

we obtain 

= (3.14) 

where 

(—1)°'(”^) = sgn(r(f — m + l)r(f -|- m -|- 1)), (3.15) 


and sgn(x) is the signum function. 

It follows from Eq. ( 3.14 ) that the states |£, m) = TV^Vn 
under the inner product given by 


form the orthonormal basis 


(m, £|£, ?Ti ))j — |TVn| (Vnu Vm' ) — i (3.16) 

where the indefinite metric is 

rjmm' = (imm'Sgn(r(f -m + l)r(£ + m! + 1)) (3.17) 
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(3.18) 


It is easy to see that the operators J± act on the states |£, m) as 


From here and Eqs.(| 


J±\l,m) = {i^m) 


one obtains 


■^m 


\£, m ± 1) 


J+ \£, m) = -s/!!.{(■ + 1) — m{m + 1) |£, m + 1) 


J_ l^, m) = -s/!!.{(■ + 1) — m{m — 1) |£, m — 1) 
Jsl^, m) = m|£, m) 


(3.19) 

(3.20) 

(3.21) 


One can check that J 3 is the self adjoint operator in the indefinite metric Hilbert space, 
J 3 = and J±- = {J^)ri- 

Now one can start with an arbitrary vector |1', m) and apply the operators J± to obtain 
any state \£,m'). Since the eigenvalues of J 3 can be changed only by multiples of unity, 
one has m = v + p, p & Z, where ly is an arbitrary number with the fixed value within 
the given irreducible representation. Thus each irreducible representation D{i,u) may be 
characterized by the given values of two invariants i and ly. In fact the representations 
D{i,iy) and D{—i — l,iy), yielding the same value Q = t{£ + 1) of the Casimir operator, 
are equivalent and the inequivalent representations may be labeled as D{Q,iy) p 8 | . 

If there exists the number po such that v + p^ = £, we have J+1£, £) = 0 and the 
representation becomes bounded above. In the similar manner if for a number pi one 
has V + Pi = —i, then = 0 and the representation reduces to the bounded 

below. Finally, finite-dimensional unitary representation arises when there exist possibility 
of finding both = 0 and J-\i, —£) = 0. It is easy to see that in this case 2£, 2m 

and 2iy all must be integers. 

Let us consider a realization of the representation D{£, v) in the space of analytical 
functions = {f(^z) : z £ C}. In this realization the generators J± and J 3 are of the 

forms 


J- = -z^dz -h 2£z, J+ = dz, J 3 = -zdz -h £■, 


(3.22) 


The functions fm'^\z) = {z\£,m) of the canonical basis of the representation D{i,iy) take 
the form 

{z\i,m) = MmZ^~'^, (3.23) 

where A/'m = (F(I' — m -|- I)r(£ -|- m -|- I))~^'^^ is the normalization constant. It is easy to 
see that the eigenvectors \£, m) form the orhonormal basis under the inner product defined 
as follows: 

{m^ £\£^m )f^ — AA Z f]m'm''Z^ dpii^z^ djYim' (3.24) 

where = (—1)°’^”* ^Smm' is the indefinite metric, and 


, , , T(2i + 2) dzdz 


(3.25) 
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is the invariant measure. 

The inner product of two analytic functions f{z) and g{z) is given by 

(/l5')r? = -j hadgiiz). 


(3.26) 


Representation Tg acts in space as follows 


Tgfiz) = {a + (3zf^f(^ 


az — (5 


9 = 


(5z + 

ckp + |/3|^ = 1 


(3.27) 

(3.28) 


(3.29) 


where 

a (5 
a 

Applying (^1.27 ) to the state |^, m), we obtain 

{z\Tg\i, m) = Mm{a + (5zY^^{az - (3)^ 

It follows from ( 3.291 ) that the representation D{£,iy) is given over the class of analytic 
functions with the singularities of the branch-point type and are of orders £ + iz and £ — u. 
Note that in order to define a representation, Mittag-Leffler uniformization of the functions 
f{z) G must be carried out 

The matrix elements of the representation D{£,v) are defined as the coeffi¬ 

cients of the expansion 

Tg\£,m') = (3.30) 

The explicit form of the matrix elements in terms of the hypergeometric function F[a, 6 , c; x) 
is as follows (see Appendix A): 




X F{—£ — m, £ — m + l,m' — m + 1; z), if m' > m 


X F{—£ — m', £ — m' + 1, m — m' + 1] z), if m' < m 


where z = sin 2 ( 0 / 2 ), and 


1 


, _ - fT{£-m + l)T{£ + m'+ l)Y 

“ (m' - m)! Vr(£ + m + l)r(£ -m' + l), 


(3.31) 

(3.32) 

(3.33) 


Since the spectrum of the operator J 3 has the form m = p + v, p = 0, ±1, ± 2 ,..., the 
matrix elements F^^,{g) are s-valued functions over the group if 1 / is a rational number, 
1/ = r/s, and are infinity-valued if iz is irrational number. 

Thus, the representation D{£,u) is multiple-valued infinite-dimensional representation 
of the rotation group. It is given in an infinite-dimensional space, in which the convergence 
is of the weakest type. The elements G D{£,u) of such a space are the generalized 

functions, which can be considered as linear functionals on some space of basic functions. 
Such representations are exact representations of an infinity-sheeted universal covering 


group SU ( 2 ) of the rotation group (for details see 


!)• 
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3.2 Representations bounded above 

This representation is characterized by the eigenvalue (. of the highest-weight state: |£, 0) 
such that J+l^, 0) = 0 and Jal^, 0) = 0). It can be obtained formally from the represen¬ 

tation unbounded from above and below setting m = £ — n, n = 0,1, 2,.... It is convenient 
to consider the orthonormal states \(-,n) instead of The eigenvectors |^, n) form a 

basis in the space of the representation D~{i, u), where the operator J 3 acts as follows: 

Js\i,n) = {i — n)\i,n), n = 0,1,... (3.34) 

The action of the operators {J±} on the states is given by 

J+\i, n) = \/n{ 2 i — n + n — 1 ) 

J-\£,n) = i/(n + l){2i - n)\i,n + 1) 

We consider a suitable realization of the representation D~{i, v) in the space of entire 
analytical functions = {f{z) : z G C}. In this realization the generators J± and J3 act 
as the first order differential operators: 

J_ = —z'^dz + 2 iz, J+ = dz, J 3 = —zdz + i, (3.35) 


The monomials 

{z\£,n) = Mnz"^, (3.36) 

where Mn = (r(n -|- l)r( 2 I' — n + 1 ))”^'^^ is the normalization constant, form an orthogonal 
basis for holomorphic functions analytical in C, and satisfy 

, „ r( 2 £ + 2 ) f z^zPdUz 

JTTWW^ 

= r(n-|-l)r(2I' — n + l)(5„p. (3.37) 


For n > 2£ the value of r.h.s. is given by the analytical continuation of the gamma function 

It follows from Eq.( 3.37| ) that the states \£,n) form the orhonormal basis under the 
indefinite metric inner product defined as follows: 


{n,£\£,p)r^ = r]pp^{{z\£,n), {z\£,p')) = 6np, 
where rjnp = (—and 

(_lYin) ^ f if 2f-n > 0 

I (—1)'^+! sgn(sin 27r£), if n — 2^ > 0 

An arbitrary state of the representation is an entire function of the type 

CXD 

f{z) = '^fn{z\£,n). 

n=0 

The inner product of two entire functions f{z) and g{z) is constructed as follows: 

/.Cl \ T{2£ + 2) f fpgdMz 

2 m 7^(1 + | z | 2 ) 2 + 2 £ 


(3.38) 


(3.39) 


(3.40) 
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3.3 Representations bounded below 

Setting m = n — i, for the representation bounded below we have 


J 3 \i,n) = {n — £)\£,n), n = 0,1,... (3-41) 

The representation is characterized by the eigenvalue i of the highest-weight state: \l, 0) 
such that J_|£, 0 ) = 0 and Jsl^, 0 ) = — 0 ). 

The action of the operators {J±} on the state |^, n) is given by 

J_|f, n) = ^n{2£ — n + l))\£, n — 1) 

J+\l,n) = v^(nTT)(2Z^^^|£, n + 1). 

We consider a realization of the representation D^{£,v) in the space of analytical 
functions = {f{z) : z G C}, such that z~‘^^f{z) is the meromorphic function. In this 
realization the generators J± and J 3 act as the following differential operators: 

J_ = -z‘^d, + 2iz, J+ = d„ J 3 = -zd, + i, (3.42) 


The monomials 

{z\i,n)=MnZ^^-^, (3.43) 

where = (n!r( 2 £ — n + 1 ))~^^^ is the same normalization constant as in ( p.36D , form 
the orthonormal basis such that 

, , (-l)'"(")r(2^ + 2) fz'^^-^z^^-Pdzdz , 

“ 27rin!|r(2^-n + l)|/ ~0TWW^ ~ 

dnp = (—being the indefinite metric, and 




1 , if 2 £-n > 0 , 

(_l)«'+i sgn(sin 27r£), if n — 2£ > 0. 


An arbitrary state of the representation is a function of the type 

CXD 

f{z) = '^fn{z\£,n). 


(3.44) 


n=0 


The inner product of the functions f{z) and g{z) is constructed as above (see Eq. (|3.40| )): 

r(2£ + 2) f frjgdzdz 


(/b)r; = 


27rz / (1 + |z|2)2+2r 


(3.45) 


4. Infinite-dimensional representations and Dirac monopole problem 

As well known any choice of the vector potential A being compatible with a magnetic field 
B of Dirac monopole must have singularities (the so-called strings), and one can write 


B = rotA -I- h. 
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where h is the magnetic field of the string. 

There is an ambiguity in the definition of the vector potential. For instance, Dirac 
introduced the vector potential as |]|] 


An = q 


r X n 

r(r — n ■ r) 


(4.1) 


where the unit vector n determines the direction of string S^, passing from the origin of 
coordinates to oo , and 



Schwinger’s choice is 

A^^ = i(A„ + A„„), (4.3) 

with the string being propagated from —oo to oo. Both vector potentials yield the same 
magnetic monopole field, however the quantization is different. The Dirac condition is 
2fi = p, while the Schwinger one is /U = p, p G Z. 

These two strings are members of a family {S'n} of weighted strings, which magnetic 
field is given by ^ 


h 


K 

n 


1 + K 
2 


hn + 



h 


(4.4) 


where n is the weight of a semi-infinite Dirac string. The respective vector potential reads 


An — ^ An H ^ A_n, (4-5) 

and since A^ln = A”^, we obtain the following equivalence relation: S1^ ~ 5*0 This 
implies, that the string S'n is invariant under the following discrete transformation: 


K —K, q 


-q, r ^ -r. 


(4.6) 


Note that two arbitrary strings and S^, are related by 

An' = An + dx- (4:.7) 

and vice versa. Besides, an arbitrary transformation of the strings S'n —> S'^, can be 
realized as combination S'n —*■ S'^, and S'n — S '^, where the first transformation preserving 
the weight of the string is rotation, and the second one results in changing of the weight 
string K —)■ k' without changing its orientation |^, 

Let denote by n' = gn,g G S0(3), the left action of the rotation group induced by 
S'n —> S'n/. From rotational symmetry of the theory it follows this gauge transformation 
can be undone by rotation r ^ rp as follows 


An'(r) = A^(r') = A^(r) -b da(r; p). 

(4.8) 

a{r-,g) = J A^{$) ■ d^, r'= rg 

(4.9) 


^Previously | pl| , we have used the other definition of the string weight, namely, hJi = fthn + (l — «:)h_n 

To compare them, one should make substitution k ^ (1 + k )/ 2 . 
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where the integration is performed along the geodesic r r' C 5^. This gauge transformation 
may be written also as 


^n'(r) = ^n(r) - dQ(n, n'; r), (4.10) 

where n(n, n';r) is the solid angle of the geodesic simplex with the vertices (n, n';r) |p!2| , 

Now returning to the transformation we obtain 

=K- dXn, 

, , , , (r X n) • dr , , 

dXn = q{K-K)^ - - -(4.11) 

- (n • r)^ 

Xn being polar angle in the plane orthogonal to n. In particular, if k' = —k we obtain the 
mirror string: —f ~ •S'n^- 

For a non relativistic charged particle in the field of a magnetic monopole the total 
angular momentum 

J = r X (p — eA) — /i- (4-12) 

r 

having the same properties as a standard angular momentum, obeys the following commu¬ 
tation relations: 


54, 


[H,3^] = 0, [H,Ji]=0, [j2,Ji]=0, (4.13) 

[Ji, Jj] = idijkJk (4-14) 


where H is the Hamiltonian. 

These commutation relations fail on the string | 
and J may be extended to self-adjoint operator satisfying the commutation relations of the 
rotation group, with H an invariant, namely 


24]. However, it is found that H 


\Hi Tj] — 0, [dj, Jj\ — 


and this is true for any value of fi. However, requiring that the Ji generate a finite dimen¬ 
sional representation of the rotation group and not just the Lie algebra, one obtains that 
// must be quantized and only the values 2 ^ = 0, ±1, ±2 ,... are allowed |2^. 

Taking into account the spherical symmetry of the system, the vector potential can be 
considered as living on the two-dimensional sphere of the given radius r and being taken 

as Pin 


. 1 — cos 6 

Atv = q -e 


r sm ( 




. 1 + COS 9 ^ 

As = -q - 

r sm 9 


(4.15) 


where (r, 9, (p) are the spherical coordinates, and while A^v has singularity on the south pole 
of the sphere, As is singular on the north one. In the overlap of the neighborhoods covering 
the sphere 5^ the potentials An and As are related by the following gauge transformation: 


As = An — 2 qd(p. 
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This is the particular case of ( 4.11 ), when k = 0 and k' = 1. 
Choosing the vector potential as A^r we have 


J± = e 




d „ d usinO 

-TT- 7 

ad OLf 1 + cos t 


d 


J3 = - i-p -At 

dip 

j2 = - ^ ® 


+ 


sin 6 do 
2iiJi 


sin 0 

d 


d 


1 52 


QQ I a f),„2 


sin 




,1 — cos 6 


9 dtp^ 
+ At" 


1 + cos 6 dp ' 1 + cos 6 

where J-t = Ji ± iJ 2 are the raising and the lowering operators for J 3 . 
Now starting with Schrodinger’s equation 


= ET, 


(4.16) 

(4.17) 

(4.18) 

(4.19) 


and introducing ili = R{r)Y{9, p), we get for the angular part the following equation: 


3^Y{e,p) =i{£ + l)Y{0,p). 


(4.20) 


By substituting 




into Eq.(4.2C), where z = (1 — cos0)/2 and m is an eigenvalue of J 3 , we find that F{z) is 
a solution of the hypergeometric equation: 


rP F dF 

j(l - + {c- {a + b+ ~ = 0 


(4.21) 

(4.22) 


a = m — i, b = m + i + I, c=l + m + /U, 

4.1 Representation bounded above or below 

As is known the hypergeometric function F{a, b; c; z) reduces to a polynomial of degree n 
in z when a or 6 is equal to —n, (n = 0,1, 2,...), and the respective solution of Eq.( 4.2l| ) 
is of the form |5^, Q 

F = zP{l - zYpniz) (4.23) 

where Pn{z) is a polynomial in z of degree n. Here we are looking for the solutions, like 
this of the Schrodinger equation ( 4.20 ). 

The requirement of the wave function being single valued force us to take a = m Y p 
as an integer and general solution is given by 


yY,n) ^ 


(4.24) 


where u = cos 9, and 


yi^’^)(u) = Cnii- uY/^i + 


(4.25) 


- 14 - 


JHEPOO(200S)000 














Pn’'^\u) being the Jacobi polynomials, and the normalization constant Cn is given by 

^ _ / 27r2^+^+^r(n + J + l)r(n + 7 + l) 

y (2n + (5 + 7 + l)r(n + l)r(n + (5 + 7 + 1) y 

There are four distinct classes of solutions and each solution is characterized by an 
eigenvalue of Casimir operator and the eigenvalue spectrum of J 3 : 

- iavy{a,( 3 ) jm = i-n, i + ^ez+ 

"■ = —£ — n — 1, £ — ^ ^ Z_|_ 

Y javY{-a,-f3) im = n-e, £-neZ+ 

'‘w u |„ = f + „ + i, < + ;,gz+ 

where we set a = m + ^ and (3 = m — 

The obtained solutions belong to the indefinite metric Hilbert space HP, with the 
metric being 


Vnp 


6np, if — n > 0 

<5np(—1 ^ sgn(sin27r£), if n — 2^ > 0. 


- iM,^) 

The functions form the basis of the infinite-dimensional representations bounded 

+ P,n) 

above, being denoted respectively by D~{£, —p) and D~{i, —p) , and the functions 
form the basis of the representations D^{£, —fj,) and D^{£, —fi) bounded below. 

A similar consideration can be done for the vector potential A 5 . In this case (3 = 
m — /X G Z and the corresponding wave functions 


-(-p,n) 

Yi^p = e 


n 


m = i — n, £ — fi & Z+ 
m = —£ — n — 1, £ + ^ ^ Z+ 


+(-p,n) 

Ye±p = e 


iPipY^-^’-P) 

n 


m = n — £, £ + ^ Z+ 

m = £ + n + 1, £ — fi € Z+ 


form a complete set of orthonormal basis of the infinite-dimensional representation D^{£, ji) 
and D^{£, ^). 

Thus, we find the following series of representations: 


£ — H ^ Z+ 


£ -\~ fjj & Z^ 


D+i£,-fi) 

: m 

= 

n — £ 

D-{£,ii) : 

m = 


— n 

D+{£,ii): 

m = 

n 

+ £ + l 

D-i£,-fj,) 

: m 

= 

—£ — n — 1 

D+{£,i^): 

m = 

n 

-£ 

D-i£,-fi) 

: m 

= 

£ — n 

D+{£,-f,) 

: m 

= 

n + £ + 1 

D-{£,+fj,) 

: m 

= 

—£ — n — 1 
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where n = 0,1, 2,... . Notice, that while the representations D^{i, ±//) and D^{i, =F^) are 
irreducible, the representations ±/i) and are partially reducible |Q. 

Taking into account the following restriction: £{i + 1) — fj? >0, emerging from the 
Schrodinger equation, the allowed values of i are found to be 

i + jj. € Z+ => £ = —fi + [2/r] + k, k = 0,1,2,... 
i — jj. € Z+ =>£ = // + fc, fc = 0, 1, 2 ,.. . 

where [2fj] denotes the integer part of 2/r. Thus, for fj, being arbitrary valued, the repre¬ 
sentations corresponding to i + fj, G Z+ and i — fi G Z+ are not equivalent. However, if 
2fj, G Z, then i + fJ- and £ — both are integers, and the representations has been obtained 
above become finite-dimensional equivalent representations, and vice versa. Thus, we see 
that the Dirac quantization rule is related to the finite-dimensional representations of the 
rotation group. 


4.2 Representation unbounded from above and below 


Let us start with a generic case of the weighted string crossing the sphere at the north 
and south poles. We assume n = (0,0,1). With this choice the vector potential takes the 
form: 


A" = ^-As + ^-Av 

The corresponding solution of Eq. ([4.2C) is given by (see Appendix B) 


where 




1 HC 

Yi^{z) = - F{m — i,m + i + 1,1 + m — — z) 


+ 


1 — K 


F{m — l,m + £ + 1,1 + m + z) 


Here m is an eigenvalue of the operator J 3 , and its spectrum is of the form: 

m = n + u, n = 0, ± 1 , ± 2 ,... ., 


(4.26) 


(4.27) 


(4.28) 


(4.29) 


v being an arbitrary real number. 

The set of wave functions | | such that 

m = n + V, n = 0, ±1, ±2,... , (4.30) 

C^rn being a normalization constant, form the complete orthonormal canonical basis of the 
representation D'^{£,v) in the indefinite-metric Hilbert space 7F. The indefinite metric is 
given by 

W = (-l)"(™)<5w, (4.31) 
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where ( —= sgn(r(^ — m + l)r(^ + m + l)), and there is no any restriction on fj,. 

Since the set of functions forms the orthonormal basis in the indefinite met¬ 
ric Hilbert space TC^ of the irreducible infinite-dimensional representation any 

solution of the Schrodinger equation ( |4.20[ ) can be expanded as 

^ = (4.32) 

l,m 

where /r is an arbitrary parameter. 

The obtained infinite-dimensional representation u) being in general case multi¬ 

valued, depends on arbitrary parameters u and k, and hence, the class of all representations 
is too large. Further simplification can be done by relating in u with the weight k of the 
string in such a way, that in particular cases of k = ±1 and k = 0 the of functions 
being associated with the Dirac and Schwinger string, respectively, behave in appropriate 
way at the north and south poles of the sphere (for details see Appendix B). This leads to 
the following condition: v = K/r, that provides also the functions of the canonical 

basis be single-valued. Then the spectrum of the operator J 3 takes the form: 


m = n -|- K/r, n = 0 , ± 1 , ± 2 ,.... 


(4.33) 


Denoting the representation by D{i,Kp.) we find that the representation be¬ 
comes the representation Kfi) bounded below, ii i + Kjj, is an integer, and i — is 

not equal to an integer. In a similar way, D{£, up) reduces to the representation D~{i, np) 
bounded above, with i — Kp being an integer, and i + np not equal to an integer. 

Let us consider some particular cases related to the Dirac and Schwinger strings, 
starting with «; = —!. The corresponding solution can be written as follows (for details see 
Appendix B): 

oc - zTl^-^F(a, b, c; z), 

a = n — p — i, b = n — p + £ + l, c = l-|-n, 


and the function being regular at the point z = 0, has singularity at the south pole 

(z = 1), where the Dirac string crosses the sphere. 

The choice of k = 1 corresponds to the string crossing the sphere at the north pole 
(z = 0), and the solution of the equation ( 4.2[1|) being regular at the point z = 1 is given 
by 


oc _ z)^/^Fia, 6 , c; 1 - z), 

a = n + p — i, b = n + p + £ + l, c = 1 + n. 


Finally, setting k = 0 we have the Schwinger case: 

oc - 2)(’^-/^)/2 (i 7 („ _i^n + £ + l,l + n- p-,1- z) 

+ F{n - £,n + £ + 1,1 + n F p; z)), 


(4.34) 
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with the string 5® being propagated from —oo to oo. 

Later on the strings and 5^ we will call the fundamental strings. The related 

representations are and D{i,0), and for £ — // or ^ ^ being integer, 

one obtains the representations bounded below or above: and The 

respective solutions we will call generalized monopole harmonics. When n + a, n + (3 and 
n + Oi + (3 all are integers > 0 , the generalized monopole harmonics are reduced to the 
monopole harmonics introduced by Wu and Yang [12|. The imposed here restrictions on 
the values of n, a and /3 yield the finite-dimensional unitary representation of the rotation 
group and the Dirac quantization condition. 

Note, that the representation D{£, 0) may be realized only as infinite-dimensional rep¬ 
resentation unbounded from above and below, or finite dimensional representation when 
£ € Z. It is easy to see that in this case p, has to be an integer, that implies Schwinger’s 
quantization of the magnetic charge. 

Returning to the general case, let us consider two strings and 5^ . The correspond¬ 
ing vector potentials are and A'^' (see Eq.( 4.26| )), and the computation yields 

e{A'^ — A'^ ) = {k' — K)pdip. 


Recalling that A'^ and A'^ 


are connected by a gauge transformation: 
ie(A'‘' - A'^) = e-*^Ve*^, 


(4.35) 


(4.36) 


we find that the gauge transformation exp(ix) must satisfy 

ip{K-K') = ^(Ine*^ 
dip 

The solution of this equation is y = p{k — K')(p. If p is a winding number of the map 
exp (zx((p)) : U{1), then 


p{k — k') = p, p € Z 


(4.37) 


that provides p{k—k') be an integer. In particular, choosing k! = ±1 we obtain Kp = ±p+p, 
and if k' = 0 one has np = p, p G Z. 

We say that the strings and are gauge equivalent, , if np = n'p 

mod Z. As we can easily see, the fundamental strings induce the following classes of gauge 
equivalent strings: 

— Kp = p+p 

'S'n — — S-n ■ up = -p + P 

S’n~5'°: Kp = p, p = 0,±1,±2,... . 


The related classes of irreducible representations are {D{i,p)}, {D{i, —p)} and {D(.^, 0)}, 
respectively, and the spectrum of the operator J 3 is found to be: 


D{£, p) : m = n + p, {k — l)p G Z, 

D{£, —p) : m = n — p, 'A {k + l)p G Z, 

D{i, 0) : m = n, if K/i G Z, re = 0, ±1, ±2,... . 
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5. Discussion and conclnding remarks 


We have argued that a consistent pointlike monopole theory with an arbitrary magnetic 
charge requires infinite-dimensional representations of the rotation group, which in general 
case are multi-valued. Note, that in Dirac theory ‘quantization of magnetic charge’ follows 
from the requirement of the wave function be single-valued. However, the requirement of 
single-valuedness for a wave function is not one of the fundamental principles of quantum 
mechanics, and having multi-valued wave functions may be allowed until it does not affect 
the algebra of observables. 

For the single-valued infinite-dimensional representations the generalized quantization 
condition is emerged, and depending on the irreducible representation has the 

following form: (1 ± K)/r G Z or k/i G Z, where k is the weight of the Dirac string. In 
particular cases k = ±1 and k = 0 we obtain the Dirac and Schwinger selectional rules 
respectively. The obtained quantization conditions are not mandatory, but once being 
introduced would give rise to a new quantum number, v = Kfi. This quantum number 
being related to a winding number of the map —> 17(1) has a topological nature, and 

can be considered as the topological spin carried by the Dirac string. 


Concerning experiment. Recently, in the context of the anomalous Hall effect, the ex¬ 
perimental results providing evidence for the magnetic monopole in the crystal-momentum 
space has been reported [10|. Besides, in the literature there are others experimental pro¬ 
posals for the experimental probe of the ‘fictitious’ monopoles that are appeared in the 
context of the Berry phase g I, I I g I, |. The experimental observation of the anoma¬ 
lous scattering on the trapped A atom with induced magnetic monopole 0 would provide 
a direct confirmation of non-quantized Dirac monopole. The other possible experiment, 
where the existence of non-quantized Dirac string in the Berry phase of anisotropic spin 
systems would be proved, has been proposed in g. 

Other type of the possible experiments, where the Dirac string could be observed, is 
related to the scattering on magnetic charge. As was shown in |^, the Dirac string is 
not observable from the standpoints of quantum-mechanical scattering processes, if 2// = n. 
However, the situation is quite different for the scattering on the monopole with an arbitrary 
magnetic charge. In particular, for small scattering angles 0 the scattering amplitude f{9) 
behaves as f{9) ~ sin“^(0/2), if the Dirac quantization rule holds, and this is agree with 
the classical results. In the case of an arbitrary /r we have f{9) ~ sin“^^(0/2), and our 
numerical results show that this small angle approximation is good enough up to about 
Svr/d |5^, ^]. Note, that this novel effect, being produced by a singular string, is a pure 
quantum gauge-invariant phenomena, and therefore the orientation of the Dirac string is 
not observable in the scattering experiments (see also [57|]). 

We close with some comments on observability of the Dirac string in the Aharonov- 
Bohm (AB) effect [H|. As is known the AB effect is appeared in quantum interference 
between two parts of a beam of charged particles, say electrons with charge e, passing by 
an infinite long solenoid. In spite of the fact that the magnetic field B outside the solenoid 
is equal to zero, it produces an interference effect at the point Q of the screen. A relative 
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phase shift At/? is given by 


Aip — ^ j A • dr = e<h, (5.1) 

where $ is the total magnetic flux through the solenoid. The condition for the absence of 
observable AB effect is e<h = 27rn, n G Z. 

What makes difference between the inhnite long solenoid and Dirac’s string is that the 
latter can be moved by a singular gauge transformation. This means that the monopole 
string can not be observed in AB experiment, if singular gauge transformations are allowed. 
Thus, the absence of the AB effect for the Dirac string has a crucial significance for a 
consistent magnetic monopole theory. 

Let us assume that the beam passes in the upper half of the space divided by the 
plane z = 0. Then the contribution of the string to the relative phase shift of the wave 
function at the point Q is found to be 


A(/?_|_ = 27r(l + K)fj, 


(5.2) 


and, if the beam passes in the lower half-space (z < 0 ), one has 

A(/?_ = 27r(K — l)fi 


(5.3) 


It follows from the Eqs.(^) and (^.21) the absence of AB effect when (1 + k)ij. and 
(1 — K)/r are integers. In the case of k 7 ^ 0, this yields immediately the following conditions: 
2^ G Z, that is the celebrated Dirac rule, and quantization of the string weight, namely, 
2 k|U G Z. If k = 0, one obtains the Schwinger quantization condition, // G Z. 

At first sight our results are in contradiction with the AB experiment. To clarify 


issue let us recall that the phase shift (5.1) arises as result of the parallel translation of 
wave function along the contour C surrounding the Dirac string. It is known that for the 
generators of translations the Jacobi identity fails and for the finite translations one has 


MM 


{UaUh)Uc = exp(za3(r;a,b,c))17a(t/bLc) 


(5.4) 


where Os is the so-called three cocycle, and 0:3 = dvr/r mod 27rZ, if the monopole is enclosed 
by the simplex with vertices (r,r-|-a,r-|-a-|-b,r-|-a-|-b-|-c) and zero otherwise | |13[ | . For 
the Dirac quantization condition being satisfied 0:3 = 0 mod 27rZ, and (^^) provides an 
associative representation of the translations, in spite of the fact that the Jacobi identity 
continues to fail. Thus, we see that the AB effect requires more careful analysis, if we 
assume existence of an arbitrary monopole charge. 

The emerging difficulties in explanation of the AB effect may be removed by introduc¬ 
ing nonassociative path-dependent wave function T(r; 7 ), that provides the absence of the 
AB effect for an arbitrary magnetic charge [22, 


Acknowledgements 

This work was partly supported by SEP-PROMEP (Grant No. 103.5/04/1911). 


- 20 


JHEPOO(200S)000 








A. Matrix elements of representations 

Here we perform computation of the matrix elements of representations has been discussed 
in the text. 


Representations unbounded from above and below. The matrix elements of 
the representation D{i, v) are defined as the coefficients of the expansion 




where (see Eq. (|3.27] )) 

{z\Tg\i, m!) = M^:{a + f3zY+^'{az - 
The matrix elements {g) can be obtained as follows: 

(9) = ^ 2^ + <39)'+’”'(o* - 

where 

Mm' _ ( r(£ — m + l)r(£ + m + 1) \ 

^ ^ Vr(t - m' + l)r(£ + m' + l)) ' 

Making change of variables as follows: 2 ; = (|/3pt — l)/aj3t, we find 


»w(9) = - 


Mm' I)" 


Mm a™'+™ 2 TTi Jc 


where we assume m' — m being an positive integer. 

Using the integral representation of the hypergeometric function [33, 64] 

F{a, b, c; z) = - r(l -«)r(c) . 1 / 

r(c - a) 27^^ Jc 

we obtain 


(A.l) 


(A.2) 


(A.3) 


(A.4) 




(A.6) 


(A.7) 


where 


1 /r(f'— m + l)r(f'+ m'+ 1 )\2 


_ _ _ 

{m' — m)! + m + l)r(f' — m' + 1) 

As known the hyper geometric series 

r(c) ^ r(a + n)r(fe + n) z’' 


(A.8) 


F(a, b, c; z) = 


r(c + n) n! 


(A.9) 
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is not defined when c = —p {p = 0,1,2 ,...), and for c being equal to —p, one has 

^ :F(a, b, c; z) = + p+ i,(, + p+ i,p+ 2 ; 2 ) 

(A.IO) 


lim , y 
c^-p r(c) 


(p + l)!r(a)r(6) 


Applying (|A.10| ) to (^), we obtain in the case m' < m the following expression for the 
matrix elements: 

= 13'^'- m',i - m + l,m - m' + 1; |/3|^), m < m. 

(A.ll) 


In terms of the usual Cayley-Klein parametrization |49, 35, 50] 


a = ^ i^/2 ^ ^ ■ i^l2 £ -i^/2 

2 ’ ^ 2 ’ 


(A.12) 


with Euler’s angles being {ip,6,ijj), the formulae (AA) and (|A.ll ) read 

X F{—i — m, i — m + 1,1 + m' — m] z), \i m > m 

X F{—i — m!, — m! + 1,1 + m — m'-, z), if m' < m, 
where we set z = sin^(0/2). 


(A.13) 

(A.14) 


Representations bounded above. The matrix elements of the representation D [i, u) 
are defined as the coefficients of the expansion 

Tg\i,n') = Y,Ki?{9W,n), (A.15) 

and may be obtained from ( A.13 ) and (|A.14| ) by substitution m = I — n. The computation 
yields 

X F{n' — 2i, n' + 1,1 + n' — n; z), if n' > n (A.16) 

X F{n — 2(.,n + 1,1 + n — n ■, z), if n' < n (A-.17) 


where 


_ 1 /r(n' + l)r(2^-n + l)\^ 

nn' - (n'-n)! Vr(2£-n' + l)r(n + l), 


(A.18) 


Note that the matrix element {g) given in Eq.( |A.l^ ) may be reseat in terms of 
Jacobi’s polynomials P^’^\x) by the application of the following relations |50| 


F{a,h,c;z) = {l — zy “ °F{c — a,c — b,c; z) 
Fi-n, a + (5 + n + l,a + l-,z) = 

1 (n + a + 1) 


(A.19) 

(A.20) 
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to yield 






( r(n + l)r(2<' - n + 1) ^ 

[r(n' + i)r(2e-n' + i)J ' ' 

X — 2z), if n' > n 

f r(n' + l)r(2t' - + 1) \ J(^n-e)^ i{n'-l)ip ( -^n'-n 

V r(n + i)r(2£-n + i) y ^ ’ 

X — 2z), if n < n 


(A.21) 

(A.22) 


where a = n' — n, f3 = 2i — n — n'. 


Representations bounded below. The matrix elements of the representation v) 

may be obtained from ( A.13 ) and ( A. 141) by substitution m = n — i and are written as 
follows: 


X)+W(^) ^(n-n')/2 _ £^{2t-n-n')/2Q+i^ 

X F{—n, 2i — n + 1,1 + n' — n; z), if n' > n 
p+W(^) _ ^^(2t-n-n')/2^+£ 

X F{—n', 2i — n' + 1,1 + n — n'; z), if n' < n 


(A.23) 

(A.24) 


where 


^ 1 / r( 2 £-n + l)r(n^ + l) \ ^ 

(n'-n)!Vr(n + l)r(2£-n' + l)y 

The matrix elements F^n^ig) can be written also as 

—( r(n + l)r(2t' — n + 1) \ ^ M_n)ip i[i-n')‘tl 2 /_-\n-n‘ 

X - 2z), for n >n 

P+W('„') _^ r(n + l)r(2t'— n +1) A ^ 

V r(n + i)r(2£-n + i) y ^ 

X — z)9F(^i _ 2z), for n' < n. 


(A.25) 

(A.26) 

(A.27) 


B. Some properties of the generalized monopole harmonics 

± (12,n) 

In this section some properties of generalized monopole harmonics, (9,^), will be 

+ (^2,n) - (^l,n) 

derived. Recall that the functions {9, cp) and {9, (p) form the basis of the 

infinite-dimensional representations D^{i,—p) and D~(i, —p), respectively. In terms of 
the functions 

=Cn{l- + uVFp(&,l){u), (B.l) 
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where Pn’'^\u) are the Jacobi polynomials, u = cos 6 and the normalization constant being 

, - 1/2 


Cn = 


27 r 2^+^+^r(n + J + l)r(n + 7 + 1) 

(2n + (5 + 7 + l)r(n + l)r(n + J + 7 + 1) 


one has 




(u), m = i-n, £ + 




y. = e*“‘^yi-“’-^)(n), m = n-£, i - e 


(B.2) 

(B.3) 

(B.4) 


where we set a = m + /r (a G Z) and P = m — fi. 

It is easy to show that the generalized monopole harmonics satisfy the orthonormality 
conditions 




± (/i,n) 


11 , one can find 


_ I '-"npt 


\n+l 


=F (^lp) 




Yv±p 

( 0 , p) dQ, = 

Su'Vnn' 

(B.5) 

=F (A^,y) 




Yli±p 

{9, p) dO, = 

0 

(B. 6 ) 

the well known relation r( 2 :)r(l —z) 

= vr/sin(7rz) 

n > 0 
sgn(sin 

2 TTi), if n - 

-2i>0. 

(B.7) 


Vnp — 

The orthonormality relations are completed by the completeness conditions 


^^ =F (a*!™) T (A^iP) , , 1 

yz VnpYi±f, {9 ,(p) =—^6{e - 9)6{ip - (f) 

Sin 6 

i,n,p 


(B. 8 ) 


Addition theorem 


The addition theorem for generalized monopole harmonics can be obtained from the com¬ 
position of successive transformations, 


T{g'-^)T{g)=T{~g) 


(B.9) 


where g = g' ^g. Taking into account that T{g' p =TZi{g'), where Tr| = 7 we find 

T{g')\T{g) = T{g). This yields the desired addition theorem as follows; 

'P ^ (^r))nn"(ff )^n"n'(ff) ~ ^ ^ 9n"p'Ppq{9 )Vqn '^n"n'{,9) —'^nn'id) (B.IO) 

n" p,q,n" 

In terms of Euler’s angles, assuming g = g{ip, 9, p), g' = g{ip', 9', ip') and g = g{(p, 9, •ip), we 
obtain the well known results |58, 671 

COS0 = cos 0 cos 0' -b sin 0 sin 0'cos {(p — ip') (BTl) 

'tp = 'ip + ip, (p = ip'— tp' (B- 12 ) 
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where V' and ijj' being functions of 6, O' and are determined from 


tan 


if) -\- ij)' cos P> ~ 'p' 

-=- ;—tan- 


cos 


Q-Q' 


ih — lb' sin —o 
tan —= - 2 




sm 


e-8' 


tan ■ 


(B.13) 

(B.14) 


Note that ( B.IOD can be rewritten as follows: 

T^nn'io') ^ ^ '0n"pT^pq^9 ) Oqn '^n"n'i9) ^ ^ '^n"n' (ff) ij^p)n"ni,9 ) 


(B.15) 


p,q,n" n" 

It easy to see that for the generalized monopole harmonics the following relation 


holds 


T (a*!”-) / 47r \ ■ ; □zi'/'i 


21 + 1 


Now applying (B.IG), we obtain the following addition theorem for 
harmonics: 


++(s) (B.16) 

the generalized monopole 


=p (/i,n) - =F (^5^0 

Yl±p (0, (p) = (0, +) (Vr,)n'ni9') 

n' 

Since ijj is not physical parameter, one can set in ■0 = ■0' = 0, and inserting n = i 


( B.17 ), we obtain 


(B.17) 

zb yU in 


Yi±p {9,p) = 


47r \ j. X—^ JF 




^ =F +,n') q= +,+') 

^ E {0,P)Vn'n''Ye±^ {0',+') (B.18) 

n' ,n^' 

generalized har- 


Note that consideration of the representation D^{£,pl) and associated 

±(-p,n) 

monies {0, +) can be done in a similar way. In fact, the corresponding relations 

can be obtained from ([B.4|) - (p.l8|) by substitution /r ^ —/i. 


C. General solution of the hypergeometric equation and magnetic monopoles 

Here we consider the general situation with a string of an arbitrary weight k. For simplicity, 
we assume the string to be a straight line along the axes z, then 


A «• 1 + A ,1 “ A 

An — ^ An H ^ A_n, 

and the generators of the rotation group are written as follows: 

T ±iu>f , ^ (/i + 7COS0) sin 0 \ . d 

= ± — + icotO—-Y^ - ^ -1 J3 = _* 

op) 1 — cos^ 0 ) op 


(C.l) 


do 


,2 \ d ( . 

J =-^^ TTx sm 


sin 0 do 


do 


1 ^(7 + ^cos0)^ 2i{'p + pcosO) d 


^ 0 dp^ 


sm 


sin^ 0 


sin^ 0 dp 


+ 9^ (C.2) 
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where 7 = k/x. 

The general solution of the Schrodinger equation ( |4.20D has the form: 

y oc _ ^)(”^-M)/2(c,iyi(z) + a 2 Y 2 {z)) (C.3) 

where cci and a 2 are arbitrary constants, and without loss of generality one can set q;i+Q !2 = 
1. The functions yi(- 2 ) and y 2 (- 2 :) are linearly independent solutions of the hyper geometric 
equation 

z{l — z)——^ + (c — (a + 6 + l)z) — abz = 0 (C.4) 

dz‘^ dz 

with a = m — i, b = m i + 1 and c = 1 + m + /x. 

In the neighborhood of the singular points z = 0,1 two linearly independent solutions 
of the hyper geometric equation are written respectively as 

^i(o) b, c; z) = {1 — zy~°'~^F{c — a,c — b,c; z) (C.5) 

102 ( 0 ) =z^~'^F(a — c + 1, b — c + 1, 2 — c; z) = z^~^(l — zy~°'~’^F{l — a,l — b,2 — c; z) 

(C.6) 

^i(i) h, a + b + 1 — c',1 — z) = z^~^F{l + b — c,l + a — c, a + b + 1 — c-,1 — z) 

(C.7) 

^ 2 ( 1 ) =(1 “ zY~°‘~^F{c — b,c — a,c — a — b + 1-,1 — z) 

=z^~^{l — zy~^~^F{l — a, 1 — 6, c — a — 6 + 1; 1 — 2 :) (C.8) 


If one of the numbers o, 6, c — o, c — 6 is integer, then one of the hypergeometric series 
( C.5 ) - (|C.8D terminates and the respective solution has the form tc = 2;“(1 — z^Pniz), 
where Pn{z) is a polynomial of degree n. 

In the text (Sec. IV) we consider the linear combination + q; 2 W'i(i)- Using the 

transformation formula 

, . r(c)r(c —a —6) 

F[a, 6, c; z) =— -—- -^F{a, 6, a + 6 — c + 1; 1 — 2 ) 


+ 


r(c — o)r(c — 6) 
r(c)r(a + 6 — c) 


(1 — zy “ ^F{c — a,c — b,c — a — b + l;l — z), (C.9) 


r(a)r(6) 

for instance, one can show that Q:ir(;i(o) +« 2 W^i(i) be transformed to Q;ir(;i(o) + ^ 2 ^ 2 ( 0 ) ■ 


This support the claim that any pair of the solutions (C.5) 


can by used to obtain 


the general solution Y of the hypergeometric equation (C^). In explicit form there is 

y = Q:iF(a, 6, c; z) + a 2 F{a, b, a + b — c + 1] 1 — z) (C.IO) 


and in case of Dirac monopole problem one has 


y = aiF{m — £,m + £ + 1,1 + m — fj,;! — z) + a2F{m — £,m + £ + 1,1 + m + fj,; z) (C.ll) 


From the requirement of the invariance of the obtained solution with respect to the 
generalized parity transformation fi — > —/i,r — > — r (see Sec. Ill ), it follows q;i(/x) = 
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a 2 {—fJ-)- Now, taking into account the condition ai + a 2 
the hypergeometric function at the points z = 0 and z = 1, 
and a 2 = (1 — This yields 


= 1, Eq. (^) and behavior of 
one can find that ai = (1 + k)/2 


I ^ 

Y = —-— F{m—£,m+i+l,l+m — fj,-,l — z)-\ --— F{m—£,m+£+l,l+m+^i-,z) (C.12) 


This implies also, that ai — 02 may be identified as the weight of the Dirac string, namely, 
K = (y.\ — (y.2‘ 


Finally we find that the general solution (C.2) may be written as follows: 


y OC _ i^rn + £ + l,l + m - - z) 

+ a 2 F{m — £, m + £ + 1,1 + m + fi; z)) 


where ai + 02 = 1- 

Let us consider the case ai = 1 and a 2 = 0 being associated with the Dirac string 
passing from the origin of coordinates to 00 . The corresponding solution of the Schrodinger 
equation is given by 

OC - z)^^-^^/^F{m - £,m + £ + 1,1 + m - fi-,l - z) (C.13) 


should be singular at the north pole {z = 0), where the string crosses the sphere, and 
regular at the south pole {z = 1). 

The computation yields c—a — b = —{m+fi), and according to the general properties of 
the hypergeometric function one can see that goes to infinity like 2 : —>■ 0. 

Now taking into account the well known relation 


lim 

c^—p 


1 


F{a, b, c; z) 


r(a + p + 1 ) r(6 + p + 1 ) 
(p + l)!r(a)r(6) 


zP~^^F{a + p + l,b + p+l,p + 2; z) 


(C.14) 


we hnd that the obtained solution has no singularity at z = 1, if m — /r is an integer. 

In a similar way, choosing ai = 0 and 0:2 = 1; we hnd that the corresponding solution 

yi^;7^ OC - zi'^-^'^l‘^F{m - £,mF £ Fl,l F mY [i-,z) (C.15) 

being singular at the south pole (2 = 1) is regular at z = 0, if m + /i is an integer. Note 
that in both cases the solutions are given by single-valued functions. 

Finally, the choice of ai = a 2 = 0 being related to the Schwinger string, yields 

OC (1 - F £ F1,1 F m - p-,1 - z) 

F F{m — £,m F £ F 1,1 F m F p;z)). (C.16) 


T-> ■ • 

By requiring 


be a single-valued function, we obtain m G Z. 
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